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Abstract Electroweak radiative corrections will play a ma-
jor role in the analysis of several upcoming ultra-precision
experiments such as Belle-II, so is crucial to make sure that
they are fully under control. The article outlines the recent
developments in the theoretical and computational appro-
aches to one-loop (NLO) electroweak radiative corrections
to the parity-violating asymmetry in e−e+→ µ−µ+(γ) pro-
cess with longitudinally polarized electrons.We derive asymp-
totic expressions for low and high energy regions (well be-
low or above Z-resonance, correspondingly) and analyze the
leading contributions. For most of energy regions, our re-
sults are in good agreement with precise computer-algebra
based calculation and can used as a quicker alternative.
1 Introduction
Although the Standard Model of Particle Physics has been
extremely successful for several decades, we know it is in-
complete, and there has been a lot of excitement generated
recently by new physics searchers in both experimental and
theoretical communities. There are three major ways to search
for new physics: with high-energy colliders like LHC (en-
ergy frontier), with underground experiments and ground
and space-based telescopes (cosmic frontier), or with low-
energy but intense particle beams (precision frontier), such
as Belle-II or MOLLER. At the precision frontier, the new-
generation experiments will be looking for a small, but po-
tentially detectable difference from Standard-Model predic-
tions for decay rates, cross sections and asymmetries, and in-
volve a significant number of Canadian experimentalists and
theorists [1]. However, as these experiments become more
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and more precise and thus challenging, so does the theory
input they require.
In this paper, we discuss the one-loop (next-to-the-leading
order) electroweak radiative corrections to the parity-violating
left-right asymmetry in e−e+ → µ−µ+ process with longi-
tudinally polarized electrons.
Electroweak radiative corrections (EWC) to the electron-
positron annihilation have already attracted the significant
theoretical attention, starting from [3] where EWC are cal-
culated with arbitrary polarization. For LEP and SLC collid-
ers, the 4-fermion process e−e+→ f− f+ required the EWC
at Z-boson pole evaluated with new precision, which was
done by collaborations BHM andWOH [2, 4], LEPTOP [5],
TOPAZ0 [6], and ZFITTER [7, 8]. The “post-LEP/SLC era”
is provided by KK [9] and SANC [10] codes.
Recently, programpackages such as FeynArts [11], Form-
Calc [12], LoopTools [12] and FORM [13], have created an
option of calculating parity-violating NLO effects including
all of the possible loop contributions within a given model
[14].
The unique feature of our approach is to combine two
distinct but mutually reinforcing techniques: semiautomatic,
precise, with FeynArts and FormCalc as base languages,
and, independently, on paper, with low- and high-energy ap-
proximations. Both techniques have their advantages and
limitations, but can be very powerful in a combination. Our
earlier publications ([15], [16], [17]) on (e−e−→ e−e− scat-
tering showed that the exact analytical one-loop calculations
using the computer algebra approach not only increased the
theoretical precision dramatically, but also gave us an op-
portunity to verify previous calculations done in various for-
malisms.
Basically, we perform the same EWC calculations in two
different ways, thus making sure that our evaluations are
error-free. Although quite labor-intensive, we suggest that
this is the best approach for the analysis of several upcoming
2ultra-precision experiments with 4-fermion processes such
as Belle-II.
Obviously, calculating large sets of one-loop Feynman
diagrams on paper is a tedious task. The packages such as
FeynArts [11], FormCalc [12], LoopTools [12] and FORM
[13] allow us to handle the substantial number of diagrams
reasonably quickly, minimize probability of human errors,
and avoid the rapid error accumulation often unavoidable
with purely numerical methods. The one of the key fea-
tures of the presented work is to compare the complete one-
loop set of electroweak radiative corrections to the parity-
violating asymmetry in e−e+ → µ−µ+(γ) process calcu-
lated first on paper, with some approximation, and then within
a computational model based on FeynArts, FormCalc and
LoopTools, precisely.
FeynArts is a Mathematica package which provides the
generation and visualization of Feynman diagrams and am-
plitudes involving Standard Model particles. FormCalc, a
Mathematica package which reads diagrams generated with
FeynArts and evaluates amplitudes with the help of the pro-
gram FORM in analytical form. LoopTools provides the many-
point tensor coefficient functions and is used to numerically
evaluate one-loop integrals. After that, one may implement
one of the two renormalization schemes (RS), on-shell or
the constrained differential renormalization (CDR) which is
equivalent to MS scheme at the one-loop level [12].
Our computation model is not a "black box" and still
requires considerable human input on many stages. On the
other hand, we can modify these packages to better suit spe-
cific projects. In [14], for example, we adopted FeynArts and
FormCalc for the NLO calculations of the differential cross
section in electron-nucleon scattering. In [18], we evalu-
ate higher-order electroweak effects needed for the accurate
interpretation of MOLLER and Belle II experimental data
and show how new-physics particles may enter at the one-
loop level. In general, the results obtained with these pack-
ages can be presented in both analytical and numerical form.
Unfortunately, our equations for asymmetry at NLO level
obtained with FeynArts and FormCalc are too lengthy and
cumbersome to publish. It is also a challenge putting them
into a Monte Carlo as required by the specific experimental
analysis.
As we show in the earlier sections, at the certain kine-
matic conditions, the approximate equations obtained on pa-
per are in a very good the agreement with the numerical re-
sults obtained with computer algebra, and may be used for
physical analysis and quick estimations not requiring ultra
precision.
2 Four-fermion process description
Let us consider the four-fermion scattering in s-channel. Here
we concentrate on the scattering of longitudinally polarized
q
p1
−p2
p3
−p4
(a) (b)
(c) (d)
γ,Z(W)
γ,Z(W)
(e) (f)
Fig. 1 Feynman diagrams of the process e−e+ → µ−µ+ in radiation-
free kinematics: 1(a) – Born approximation, 1(b) – boson self energies,
1(c), 1(d) – vertex diagrams, 1(e), 1(f) – box diagrams. Curly lines with
no marks denote photon or Z-boson.
electron off the unpolarized positron in s-channel:
e−(p1)+ e+(p2)→ γ,Z → µ−(p3)+ µ+(p4). (1)
Feynman graphs for the process (1) in tree-level (Born) and
one-loop approximation (NLO) are presented in Fig. 1.
Four-momenta of initial (p1 and p2) and final particles
(p3 and p4) form a standard set of Mandelstam invariants r
(r = s, t,u):
s = (p1+ p2)
2, t = (p1− p3)2, u = (p2− p3)2. (2)
Unless stated otherwise, we give only ultra-relativistic ana-
lytical results, which correspond to the approximationm2g ≪
|r|. We use index g for initial and final fermions flavors, i.e.,
in our case, g = e,µ then me is the electron mass and mµ is
the muon mass. For the truncated propagator in s-channel,
we use the following:
D j =
1
s−m2j + im jΓj
( j = γ,Z), (3)
which is present in all amplitudes of Fig. 1 and depends on
the total energy of the reaction
√
s in the center-of-mass sys-
tem (c.m.s.), intermediate boson mass and its width. Photon
mass mγ ≡ λ is equal to zero everywhere except for spe-
cial cases mentioned below. In these cases, it is used as an
infinitesimal parameter which regularizes infrared (IR) di-
vergence. Mass of Z-boson is denoted as mZ , its width is ΓZ
(we use scheme with the fixed decay width).
3For the differential cross section, we use shortcut nota-
tion σ ≡ dσ/dc, where c = cosθ and θ is the angle between
initial electron and final muon detected in c.m.s. Including
one loop, this differential cross section has the form:
σ =
pi3
2s
|M0+M1|2 ≈ pi
3
2s
(M0M
+
0 + 2ReM1M
+
0 ). (4)
The explicit form of Born (M0) and one-loop (M1) ampli-
tudes can be found in [19]. One loop amplitude M1 has the
order of magnitude of O(α2) and consists of boson self en-
ergies (BSE), vertexes (Ver) and box diagrams contributions
(see Fig. 1):
M1 = MBSE+MVer+MBox. (5)
In this work, we use the on-shell renormalization scheme
[20, 21] with Hollik’s renormalization conditions [20]. Thus,
the electron self energies are absent.
Born amplitudemodulus squared |M0|2 give raise to Born
cross section:
σ0 =
pi3
2s
M0M
+
0 =
piα2
s
∑
i,k=γ,Z
DiDk
∗
µ ikik, (6)
where the combination
µ ik jl = bik jl− · t2+ bik jl+ ·u2
= λ
ik jl
+ · (t2+ u2)−λ ik jl− · (t2− u2) (7)
is identical to one in [19] but has explicitly extracted combi-
nations b− and b+
b
ik jl
± = λ
ik jl
+ ±λ ik jl− (8)
in front of braces with the invariants t and u, which is more
convenient for analysis. The combinations λ
ik jl
± can be ex-
pressed via the electron polarization degrees pB:
λ
ik jl
+ = (λ
ik
eV − pBλ ikeA)λ jlµV ,
λ
ik jl
− = (λ
ik
eA− pBλ ikeV )λ jlµA. (9)
Vector and axial constants of coupling of particle gwith pho-
ton and Z-boson,
vγg = −Qg, aγg = 0,
vZg =
I3g − 2Qgs2W
2sW cW
, aZg =
I3g
2sW cW
,
are combined in the following way:
λ ikgV = v
i
gv
k
g + a
i
ga
k
g, λ
ik
gA = v
i
ga
k
g + a
i
gv
k
g. (10)
We use the following Standard Model (SM) parameters: Qg
is the electric charge of the particle g in the units of pro-
ton charge, the third component of weak isospin is I3g =
−1/2, I3ν =+1/2, and sW (cW ) is the sine (cosine) of Wein-
berg’s angle which is related to the Z- and W -boson masses
according to SM prescription as:
cW =
mW
mZ
, sW =
√
1− c2W . (11)
Table 1 Numerical values of quantities bik∓ at different polarizations.
bik∓ L R u = (L+R)/2 L−R
b
γγ
∓ 1 1 1 0
b
γZ
− −0.3568 −0.3568 −0.3568 0
b
γZ
+ +0.4445 +0.2864 +0.3654 +0.1580
bZZ− +0.1273 +0.1273 +0.1273 0
bZZ+ +0.1975 +0.0820 +0.1398 +0.1155
b
ZZ,Z
− −0.0454 −0.0454 −0.0454 0
b
ZZ,Z
+ +0.0878 +0.0235 +0.0556 +0.0643
b
WW,k
− 0 0 0 0
b
WW,γ
+ +5.0433 0 +2.5216 +5.0433
b
WW,Z
+ +2.2415 0 +1.1208 +2.2415
Note that in the on-shell renormalization scheme [20, 21],
the relations (11) are satisfied at every order of perturbation
theory.
One can also use symmetrical form of the coupling con-
stants:
g∓g ≡ gL,Rg = vZg ± aZg , (12)
corresponding to g∓f from Denner’s work [21]. We omit fla-
vor indexes below since it is not important for the reaction
considered here, i.e. g∓e = g∓µ . Thus, in the new notations,
all the coupling combinations become symmetric, so we can
use the following combinations:
c0 = 1+ g
−g+, c±i = (g
−)i± (g+)i for i≥ 1. (13)
Let us use the following shortcut for the repeating indexes:
bikik∓ ≡ bik∓. In Table 1, one can find numerical values for
bik∓ combinations at different polarizations, where L and R
mean electron polarization degrees pB = −1 and pB = +1,
correspondingly. A combination (L +R)/2 corresponds to
unpolarized cross section so we use index u (unpolarized)
for it. This formally occurs at pB = 0. The double indexes
of coupling constants appearing in In Table 1 (which are
needed for box type diagrams) are separated with commas
for clearness. These are some useful relations: bik∓ = bki∓,
b
γZ,k
∓ = bZk∓ and b
ZZ,γ
∓ = bZZ∓ . In addition, let us note that
b
WW,k
+ |L−R = 2bWW,k+ |u. The latter relation comes from the
fact that vector and axial couplings of fermions with W -
bosons are the same (or gRW = 0).
3 Relative corrections
Let us introduce index C to denote the type of the contribu-
tion into observables. That is for the polarized differential
cross sections we can use σCL,R. As for their combinations
σCu =
σCL +σ
C
R
2
, (14)
has the meaning of the unpolarized cross section (σCu ). The
polarization asymmetry defined as:
ACLR =
σCL −σCR
σCL +σ
C
R
. (15)
4(a) (b)
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Fig. 2 The diagrams for photon bremsstrahlung e−e+ → µ−µ+γ .
Index C takes the following values: C = {0,G,γγ,γZ,ZZ,
WW,1,0+1}, where
– 0 means Born approximation (Fig. 1(a)),
– G is the total gauge invariant contribution of boson self
energies (Fig. 1(b)), vertex functions (Fig. 1(c), 1(d))
and the part of the cross section corresponding to the
infrared divergence cancellation including emission of
soft photon (see Fig. 2) with the energy below ω , that is
G = BSE+Ver+ IRD,
– γγ , γZ, ZZ, WW correspond to infrared finite parts of
corresponding box type diagrams (Fig. 1(e), 1(f)),
– 1 stands for full one-loop approximation (NLO),
– 0+1 stands for the calculation within the accuracy of
one-loop electroweak corrections.
The aim of our investigation is the relative corrections
of the combination of differential cross sections which are
defined as following:
δC± =
σCL ±σCR
σ0L ±σ0R
. (16)
It is clear that these relative corrections are additive, i.e.
δ
C1+C2± = δ
C1± + δ
C2± , (17)
which makes these corrections very convenient for analysis.
With δC+ as the relative correction to unpolarized cross sec-
tion and using δC− one can easily build relative correction to
polarized asymmetry:
δCA =
δC−− δC+
1+ δC+
. (18)
Let us express equation (16) in a shorter form,
δC+ =
σCu
σ0u
, δC− =
σCL−R
σ0L−R
, (19)
and calculate the denominators with Born cross section. In
the low energy regime (LE), one has:
σ0u =
piα2
s3
µγγ |u = piα
2
s3
(t2+ u2), (20)
σ0L−R = −
2piα2
s2m2Z
µγZ |L−R =−2piα
2
s2m2Z
c−2 ·u2. (21)
These simple expressions are the result of several approxi-
mations: in the LE-regime, terms from the amplitude with
Z-boson exchange are suppressed in the unpolarized con-
tribution, while the contribution from the interference term
between Z-boson and photon exchange survives in L−R nu-
merator of the asymmetry. In the high energy (HE) regime,
and taking into account that s≫ m2Z , we get:
σ0u =
piα2
s3
d0, (22)
d0 = ∑
i, j
µ ik|u = c20 · t2+(1+ c+2 + c+4 /2) ·u2,
σ0L−R =
piα2
s3
∑
i, j
µ i j|L−R = piα
2
s3
c−2 (2+ c
+
2 ) ·u2.
We note that c−2 = (g
−
g )
2− (g+g )2 ∼ a, where a = 1−4s2W is
small.
4 Infrared divergence cancellation
Let us first consider the specifically selected part of the one-
loop contributions which in sum with soft photon emission
will cancel the infrared divergence. This part is is propor-
tional to Born cross section σ0 by definition, with procedure
outlined in [19].
So, the cross section with the infrared divergence in soft
photon emission contribution αpi
[−δ λ1 +R1]σ0 will cancel
the infrared-divergent part αpi δ
λ
1 σ
0 extracted from V -terms
(the terms from additional virtual particle contributions), where
δ λ1 = 4B ln
λ√
s
, B = ln
st
memµu
− 1, (23)
R1 = −4B ln
√
s
2ω
− ∑
g=e,µ
(
ln
m2g
s
+
1
2
ln2
m2g
s
+
pi2
3
)
+
+ 2Li2
−t
u
− 2Li2−u
t
. (24)
As for the relative corrections emerging from this part,
it is obvious that:
δ IRD± =
α
pi
R1. (25)
The cross section with R1 term contains the square of collinear
logarithm (CL) which should be absent in one-loop correc-
tions. Below, we will show that the cancellation of CL square
will happen in the sum with vertex-type contributions, in
each relative correction, δ+ and in δ−.
5 Boson self energies
One of the goals of this paper is to derive the explicit (al-
though approximate) expressions for different contributions
5Fig. 3 Boson self energies dependence on
√
s.
to the electroweak corrections. The gauge-invariant part (G-
part) is described in in [19], including the hard photon emis-
sion. The gauge invariance of this part was verified in [15],
by demonstrating the same result obtained with different
choices of renormalization conditions (by [2] and [21]). All
equations are in the ultra-relativistic approximation and thus
applicable in the region where
√
s≫ m2g, except in a vicin-
ity of resonance where terms of order ∼ mg/ΓZ would be
important.
We start with the BSE cross section which is infrared-
finite:
σBSE =
2piα2
s
Re ∑
i, j,k=γ,Z
D
i j
S D
k∗µ ik jk, (26)
where
D
i j
S =−DiΣˆ i jT (s)D j, (27)
and Σˆ
i j
T (s) is the transverse part of renormalized self ener-
gies of photon, Z-boson and γZ mixing. Fig. 3 illustrates
the following corrections, corresponding to BSE in Hollik’s
renormalization conditions [20]:
δ
γγ
BSE = ReΣˆ
γγ
T (s)D
γs,
δ
γZ
BSE = ReΣˆ
γZ
T (s)D
γs,
δ ZZBSE = ReΣˆ
ZZ
T (s)D
Zs.
For the Belle II kinematics specifically (i.e. at
√
s = 10.577
GeV), these corrections are very close to each other:
δ
γγ
BSE =−0.0361, δ γZBSE =−0.0301, δ ZZBSE =−0.0317. (28)
Let us calculate the relative corrections now. The cross
section in LE-regime has the form:
σBSEu,LE =
2piα2
s
ReD
γγ
S D
γ µγγ ,
σBSEL−R,LE =
2piα2
s
Re∑
i, j
D
i j
S D
k∗µ ik jk. (29)
Substituting these expressions into (19), we get:
δBSE+,LE = −2δ γγBSE, (30)
δBSE−,LE = −δ γγBSE−
2
c+1
δ
γZ
BSE− δ ZZBSE. (31)
The rest of relative corrections can be obtained in the same
way, i.e. by calculating radiative cross section, simplifying
and dividing by the Born cross section. In the HE-regime
BSE have a slightly more complicated form, as follows, but
still simple enough to be used in quick estimations:
δBSE+,HE = −
1
d0
(
[2c0t
2+(2+ c+2 )u
2]δ
γγ
BSE +
+ 2c+1 [c0t
2+(1− g+g−+ c+2 )u2]δ γZBSE+
+ [2g−g+c0t2+(c+2 + c
+
4 )u
2]δ ZZBSE
)
,
δBSE−,HE = −
2
c+1 (2+ c
+
2 )
(
c+1 δ
γγ
BSE+ 2(c
+
0 + c
+
2 )δ
γZ
BSE+
+ +(c0c
+
1 + c
+
3 )δ
ZZ
BSE
)
. (32)
6 Vertices
In order to obtain the cross section corresponding to vertices,
σVer =
2piα2
s
Re ∑
i,k=γ,Z
DiDk
∗
[µFikik + µ ikFik], (33)
we follow [20] and use the renormalized form factors to re-
place coupling constants. The form factors decomposed into
two terms:
v
γ(Z)
g → vFγ(Z)g , aγ(Z)g → aFγ(Z)g , Cg = α
4pi
Λ
γ
1,g (34)
where for a photon one has:
v
Fγ
g = Cgv
γ
g +
α
4pi
[(
(vZg )
2
+(aZg)
2)
Λ Z2 +
3
4s2W
ΛW3
]
, (35)
a
Fγ
g = Cga
γ
g +
α
4pi
[
2vZg a
Z
gΛ
Z
2 +
3
4s2W
ΛW3
]
, (36)
while for Z-boson:
vFZg = Cgv
Z
g +
α
4pi
[
vZg
(
(vZg )
2
+ 3(aZg)
2)
Λ Z2 +
+
1
8s3W cW
ΛW2 −
3cW
4s3W
ΛW3
]
, (37)
aFZg = Cga
Z
g +
α
4pi
[
aZg
(
3(vZg )
2
+(aZg )
2)
Λ Z2 +
+
1
8s3W cW
ΛW2 −
3cW
4s3W
ΛW3
]
. (38)
The function Λ
γ
1,g which enters into factor Cg describes
the contribution of the triangle diagram with a photon ex-
change, Λ2 is for diagrams with a massive boson – Z or W ,
and Λ3 is for diagrams with three-boson vertex – WWγ or
6WWZ. These complex functions can be found in [2]. A real
part on the first function for the s-channel contains collinear
logarithms:
ReΛ
γ
1,g = −2ln
s
λ 2
(
ln
s
m2g
− 1
)
+ ln
s
m2g
+
+ ln2
s
m2g
+ 4
(pi2
3
− 1
)
. (39)
In the LE-regime, we have:
Λ B2 =
(2
3
ln
m2B
s
+
11
9
) s
m2B
, ΛW3 =−
5
27
s
m2W
, (40)
and at the high energies it has the form:
Λ B2 = − ln2
m2B
s
− 3ln m
2
B
s
+
pi2
3
− 7
2
,
ΛW3 = −
1
3
ln
m2W
s
+
5
6
. (41)
Let us present relative infrared-finite corrections from
the vertex diagrams. For that, as it was shown in [19]), we
make the following replacement in the form factors: λ →√
s. For the LE-regime, one has:
δVer+,LE =
α
2pi
(
(Λ
γ
1,e +Λ
γ
1,µ)|λ→√s + c+2 Λ Z2 +
3
2s2W
ΛW3
)
, (42)
δVer−,LE =
α
2pi
(
(Λ
γ
1,e +Λ
γ
1,µ)|λ→√s−∆1
)
. (43)
where a dominant contribution is coming from the photon
vertices with an additional heavy vector boson, and has the
following form:
∆1 =
m2Z
s
(
Λ Z2 +
3
2c−2 s
2
W
ΛW3
)
=
2
3
ln
m2Z
s
+
11
9
− 10
9a
. (44)
This contribution is important, since it contains logarithm
which increases with decreasing s, and because it has a big
value of 1/a. In the HE-regime, we obtain:
δVer+,HE =
α
2pi
(Λ
γ
1,e +Λ
γ
1,µ)|λ→√s +
+
α
16pis2W c
2
W d0
([ 1
c2W
ΛW2 +
8s4W − 4s2W + 1
2c4W
Λ Z2
]
t2+
+
[−1+ 2s2W
4s4W c
2
W
ΛW2 +
3
2s4W
ΛW3 +
+
64s8W + 4s
4
W − 4s2W + 1
8s4W c
4
W
Λ Z2
]
u2
)
,
δVer−,HE =
α
2pi
(Λ
γ
1,e +Λ
γ
1,µ)|λ→√s +
α
2pis2W a(1+ 4s
2
W)
×
× ((2s2W − 1)ΛW2 + 6c2WΛW3 +
+ +
−64s8W + 4s4W − 4s2W + 1
2c2W
Λ Z2
)
. (45)
Finally, summing up the infrared-divergent and boson self-
energy parts of corrections, we can demonstrate that the square
of collinear logarithm cancels in the final result.
Figure 4 shows numerical results for gauge invariant set
(BSE+Ver+IRD) at θ = 90◦.
Fig. 4 Relative corrections induced by gauge invariant set
(BSE+Ver+IRD) at θ = 90◦.
7 Box diagrams
Here we provide detailed results for box-type contributions.
Note that γγ , γZ and ZZ-boxes contain both direct and crossed
legs parts, while WW -box has only direct diagram. The lat-
ter feature comes from the electric charge conservation law,
which in case lets say uu¯ → µ−µ+ scattering (see, for in-
stance, [22]) changes the effect, and WW -box diagram in
this case has only crossed-legs term. The general rule for
getting a crossed box from a known direct box is well-known,
and in our notations has the form:
σCbox =−σDbox|t↔u, b+↔b− . (46)
7From now on, we will be taking only real part of the inter-
ference term in our expressions for cross sections.
The infrared-finite part of γγ-box in s-channel can be
found in [19, 22, 23]. From [19] (with misprints corrected):
σDγγ = −
α3
s
∑
k=γ,Z
Dk
∗
f γ,k, (47)
f i,k = bi,k−
( t2+ u2
2s
ln2
s
|u| + t ln
s
|u|
)
+ bi,k+
u2
s
ln2
s
|u| . (48)
That works for arbitrary energies, and gives the following
expression for relative corrections:
δ
γγ−box
+ = −
α
2pi
1
t2+ u2
(
(t2+ 3u2) ln2
s
u
+ 2st ln
s
u
−
− (t ↔ u)
)
,
δ
γγ−box
− = −
α
2pi
(
ln
s
u
− t
2+ u2
2u2
ln2
s
t
− s
u
ln
s
t
)
. (49)
The approach for obtaining expressions for the ampli-
tudes with at least one massive boson at the energies below
Z-resonance (in LE-regime) is explained in [17]. By apply-
ing this method in [19] for a direct box diagram, we got
expressions for the low (below Z-resonance) energies (LE-
regime). Let us present here their infrared finite parts using
notations of this paper:
σDγZ = −
α3
s
(
ln
−t
m2Z
− 1
)
DZ ×
× ∑
k=γ,Z
Dk
∗(
b
Z,k
− 4t
2+ bZ,k+ u
2
)
, (50)
σDZZ = −
α3
2sm2Z
∑
k=γ,Z
Dk
∗(
b
ZZ,k
− 4t
2+ bZZ,k+ u
2
)
. (51)
Finally, we can write out the coupling constants for ZZ- and
WW -boxes:
vZZ = (vZ)
2
+(aZ)
2
, aZZ = 2vZaZ,
vWW = aWW = 1/4s2W . (52)
To calculate the box diagrams in the HE-regime, we use
the asymptoticmethod of [22]. Then, for the direct box (infrared-
finite parts only), we get:
σDγZ = −2
α3
s
∑
k=γ,Z
Dk
∗(
Dγ µZ,kL2(−m2Z/t)+ f Z,k
)
, (53)
σDZZ = −
α3
s
∑
k=γ,Z
Dk
∗(
2DZµZZ,kL2(−m2Z/t)+ f ZZ,k
)
, (54)
where
L2(ε) =
∫ 1
0
dx
1
1− x− ε ln
1− x
ε
≈ pi
2
3
+
1
2
ln2
1
ε
. (55)
To obtain the directWW -box,we only need to do the ob-
vious replacements in (51) and (54): Z →W , ZZ →WW .
Now we can calculate the relative corrections for box dia-
grams with one and two massive bosons.
In the LE-regime, the relative corrections are,
for γZ-box:
δ
γZ−box
+ =
α
8pis2W c
2
W
s
m2Z
1
t2+ u2
×
×
(
4s2W (2s
2
W − 1)(4ln
−t
m2Z
− ln−u
m2Z
− 3)t2
+ (8s4W − 4s2W + 1)(ln
−t
m2Z
− 4ln−u
m2Z
+ 3)u2
)
,
δ
γZ−box
− =
α
2pi
(
4ln
−u
m2Z
− ln −t
m2Z
− 3
)
. (56)
for ZZ-box:
δ ZZ−box+ =
3α
4pi
s
m2Z
1
t2+ u2
(
−2(g−g+)2t2+ c+4 u2
)
,
δ ZZ−box− = −
3α
4pi
c+2 . (57)
and for WW -box
δWW−box+ = −
α
16pis4W
s
m2W
u2
t2+ u2
,
δWW−box− =
α
16pis4W c
2
W c
−
2
. (58)
In the HE-regime, the relative corrections
L1 = ln
2 −t
m2Z
− ln2 −u
m2Z
,
will have a typical structure showing that collinear logarithm
power is reduced to one, so,
for γZ-box:
δ
γZ−box
+ = −
α
2pi
1
d0
L1
(
2g−g+c0t2+(c+2 + c
+
4 )u
2
)
,
δ
γZ−box
− = −
α
pi
L1
1+ c+2
2+ c+2
. (59)
for ZZ-box:
δ ZZ−box+ = −
α
2pi
1
d0
L1
(
2(g−g+)2c0t2+(c+4 + c
+
6 )u
2
)
,
δ ZZ−box− = −
α
pi
L1
(g−g+)2+ c+2 + c
+
4
2+ c+2
. (60)
and for WW -box
δWW−box+ = −
α
4pi
1+(g−)2
s4W
u2
d0
L2(−m2W/t),
δWW−box− = −
α
2pi
1+(g−)2
s4W c
−
2 (2+ c
+
2 )
L2(−m2W/t). (61)
8Fig. 5 Relative corrections induced by γγ , γZ and ZZ-boxes at θ =
90◦.
Fig. 6 Relative corrections induced by WW -box at θ = 90◦.
Fig. 7 Total relative NLO corrections at θ = 90◦.
8 Analysis and Conclusions
We evaluate a complete set of electroweak radiative correc-
tion to the parity-violating asymmetry in e−e+→mu−mu+(γ)
at one loop, i.e. the next-to-the-leading order (NLO) level
and demonstrate that they are fully under control. Our first
approach,more time-honored and better-tested, relies on cal-
culations "on paper" with reasonable approximations well-
supported in the literature, while our second approach, more
novel, relies on programpackages FeynArts, FormCalc, Loop-
Tools and Form. We demonstrate that in the high- and low-
energy regions, well below and above Z-resonance, corre-
spondingly, our numerical results obtained with these two
independent approaches are in a very good agreement.
The goal of this work is to provide the experimental
community with options to better suit their needs, depend-
ing on the timeliness and the required precision. Clearly, for
a full data analysis of ultra-precision experiments such as
MOLLER, P2 and Belle-II, it would be essential to retain
the maximum precision by evaluating a full gauge invariant
set of electroweak radiative corrections with the computer
algebra approach. However, this full-precision approach is
both time- and resource-consuming, and may not be neces-
sary in all cases. We show that our approximate equations,
obtained on paper, are in a very good the agreement with the
full numerical results obtained with computer algebra in the
low- and high-energy regions, and may be able to provide
sufficient precision while being much user-friendly.
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